Pinch Points and Kasteleyn Transitions: How Spin Ice Changes its Entropy by Fennell, T. et al.
ar
X
iv
:0
70
8.
31
86
v1
  [
co
nd
-m
at.
oth
er]
  2
3 A
ug
 20
07
Pinch Points and Kasteleyn Transitions: How Spin Ice
Changes its Entropy
T. Fennell1,2, S. T. Bramwell1,3, D. F. McMorrow1,2,4 P. Manuel4
1London Centre for Nanotechnology, 2-16 Torrington Place, London WC1E
7HN, UK; 2Department of Physics, University College London, Gower Street,
London, WC1E 6BT, UK; 3Department of Chemistry, University College Lon-
don, 20 Gordon Street, London WC1H 0AJ, UK; 4ISIS Facility, Rutherford
Appleton Laboratory, Chilton, Didcot, Oxon, OX11 0QX, UK
Complex disordered states - from liquids and glasses to exotic quan-
tum matter - are ubiquitous in nature. Their key properties include
finite entropy, power-law correlations and emergent organising prin-
ciples. In spin ice, spin correlations are determined by an ice rules or-
ganising principle that stabilises a magnetic state with the same zero
point entropy as water ice. The entropy can be manipulated with
great precision by a magnetic field: with field parallel to the trigo-
nal axis one obtains quasi two dimensional kagome ice which can be
mapped onto a dimer model. Here we use a field tilted slightly away
from the trigonal axis to control the dimer statistical weights and re-
alise the unusual critical behaviour predicted by Kasteleyn. Neutron
scattering on Ho2Ti2O7 reveals pinch point scattering that charac-
terises the emergent gauge structure of kagome ice; diffuse peaks
that shift with field, signaling the Kasteleyn physics; and an unusual
critical point.
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In spin ice materials such as Ho2Ti2O7 and Dy2Ti2O7 [1-6], the Ising-like
rare earth spins are analogous to hydrogen displacement vectors in water ice,
so the statistical mechanics of these materials may be mapped directly onto
Pauling’s model of hydrogen disorder in water ice. The ground state organising
principle, or “ice rule” is that two spins should point into and two out of each
elementary tetrahedron of the lattice occupied by Ho or Dy (Fig. 1a and b). This
rule does not enforce long-range spin order and spin ice shares with water ice the
Pauling zero point entropy [2,7]. A magnetic field directed along the trigonal
axis (Fig. 1b) “pins” one spin per tetrahedron along the field direction, but,
provided that it is not too strong, allows the ice rules to dictate that the other
three spins per tetrahedron must be organised into “two-out-one-in” (for an “up”
tetrahedron as pictured). As first observed by Matsuhira et al. [4], this modified
ice rule results in a reduced, but still well-defined, zero point entropy. The spins
carrying this entropy are arranged in decoupled two-dimensional sheets with
kagome geometry, hence the name “kagome ice” [4]. Application of a stronger
field breaks the ice rule to enforce an ordered “one-in-three-out” arrangement,
giving the magnetization a two plateau form (Fig. 1b and c). This process is
accompanied by a giant spike in the residual entropy [8,9]. The entropy spike
is due to the crossing of an extensive number of levels which have macroscopic
entropies: at the critical field all possible kagome ice states, one-in-three-out
states and combinations of the two, have the same energy as the field exactly
balances the interactions [7]. This process, predicted by Bonner and Fisher [10],
is anticipated to be general for any Ising antiferromagnet but remains largely
uninvestigated experimentally.
The properties of the spin ice materials have attracted much theoretical in-
terest. In spin ice the ice rules have been shown to arise as a many body effect of
the dipolar interaction between magnetic moments [11-14]. What is remarkable
about spin ice is that the ice rules emerge from the dipolar interaction, but in
other cases an effective dipolar interaction may emerge from ice rules stabilised
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by local interactions as in the case of water ice or the near neighbour antiferro-
magnet [7,15]. In either situation the key experimental signatures are “pinch
point” singularities in the static scattering function S(Q) [13,16,17]. Because ice
rules are a “Gauss’s law” or divergence free local constraint, they can generally
stabilise spin patterns that are analogous to magnetic or electric field interac-
tions, which means that longitudinal magnetization fluctuations are completely
suppressed: a so-called “emergent gauge structure”. This produces the pinch
point scattering, which is singular in one direction and diffuse in all others. Well
defined pinch points have previously been observed in ferroelectric systems like
KDP [18] where S(Q) is a measure of the local polarization fluctuations. How-
ever, they are less well defined in candidate magnetic systems like CsNiCrF6
[19], (Y1−xScx)Mn2 [20] and spin ice in zero field [21,22]. Our observation of
them (described below) may be the first clear example in magnetism.
Moessner and Sondhi showed that the kagome ice phase can be mapped to
the dimer model on the hexagonal lattice [23]. Every triangle of the kagome
lattice has two spins with positive projection on the field and one opposed to
the field. If the kagome lattice is replaced by its hexagonal dual and the bonds
centered on a field-opposing spin are coloured, a kagome ice state becomes a
disordered dimer state on the hexagonal lattice, as illustrated in Fig. 1a. The
dimer model on the hexagonal lattice was orginally studied by Kasteleyn [24],
who showed that the dimer correlations are critical. Three dimer orientations
are available and Kasteleyn found a triangular phase diagram depending on their
statistical weights Z1, Z2 and Z3 (Fig. 1d). When Z1 > Z2 = Z3 (for example),
the first dimer orientation will be selected and there will be a transition to a
long range ordered dimer solid. This so-called Kasteleyn transition has many
remarkable properties, elucidated by Moessner and Sondhi [23], including an
asymmetric first/second order appearance (as yet unobserved in experiment).
In kagome ice it is expected that small tilts of the field close to the [111] axis
will be equivalent to tuning the statistcal weights of the dimer orientations [23].
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We performed neutron scattering experiments on holmium titanate, Ho2Ti2O7.
Although detailed bulk measurements of the [111] field direction have mainly
been performed on dysprosium titanate, Dy2Ti2O7, the holmium material lends
itself much better to neutron scattering and it is expected to show qualitatively
the same behaviour. In general, the diffuse neutron scattering is a direct mea-
sure of S(Q), the Fourier transformed spin-spin correlation function: it would
show resolution limited Bragg peaks for long range order, broad diffuse peaks for
short range order and sharp, but non-resolution limited peaks for critical scat-
tering. Fig. 1c shows the evolution of the (0, 2¯, 2) magnetic Bragg peak intensity
of Ho2Ti2O7 as a function of field. This quantity shows a similar two plateau
structure to the bulk magnetization [25] with the lower plateau corresponding
to the kagome ice phase. Fig. 2a, c and e show the corresponding neutron scat-
tering patterns in the plane of reciprocal space perpendicular to [111] in zero
field, in the kagome ice plateau and at the termination of the plateau respec-
tively. In the kagome ice phase the diffuse scattering compares quite well with
a simulation of the near neighbour spin ice model (Fig. 2c), with two broad
peaks and a saddle point at to (1¯, 1¯, 2) and striking pinch point singularities
at ( 2¯
3
, 2¯
3
, 4
3
) and ( 4¯
3
, 4¯
3
, 8
3
). The position of the pinch points corresponds to the
zone centers of a Q = 0 cell in the kagome plane. Proof that these are indeed
pinch points in the manner discussed in Refs. 13, 16, and 17 is given in Fig. 3.
Such pinch points are a direct signature of a state governed by ice-rules or an
emergent gauge structure. The remarkable feature is the ease with which these
pinch points can be detected. They are explicitly expected to appear in the
S(Q) of spin ice [13,14] but have not been observed in experiment [21,22], lead-
ing to suggestions that they are hidden by other features or too weak to detect
at finite temperature. Here the pinch points are extremely clear, posing the
question of how ice rule governed spin correlations are modified on dimensional
reduction. Very recently Tabata et al [26] have published a neutron scattering
study of Dy2Ti2O7 with field parallel to [111] and apparently zero tilt. Within
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the constraint of the strong neutron absorption by Dy they are able to confirm
the existence of the kagome ice phase, but their data lacks the resolution to
test for pinch point singularities or the other physics revealed in our study of
Ho2Ti2O7.
We next discuss the Kasteleyn physics. In order to observe the Kasteleyn
transition as described by Moessner and Sondhi [23], one must tilt the field
toward [112]. Considering an “up” tetrahedron, with [111] vertical, this cor-
responds to increasing the effective field at two sites. The remaining site will
preferentially carry the “in” spin or dimer. Tilting the field therefore corre-
sponds to tuning the statistical weights of dimer orientations in Kasteleyn’s
model, as described above (i.e. Z1 > Z2 = Z3). In this situation it is expected
that as a function of tilt, the broad peaks would drift away from their positions
toward the (0, 2¯, 2) and (2¯, 0, 2) positions, reaching the zone centers at the tran-
sition. On the Kasteleyn phase diagram (Fig. 1d), tilt toward [112] crosses a
phase boundary into a dimer solid phase. The selection of a single dimer ori-
entation simultaneously on every stacked kagome layer must therefore generate
long range order, in this case equivalent to the Q = 0 order observed with the
field parallel to [001], in which magnetic Bragg scattering is observed only at
the zone centers [1,27].
If the tilt is toward [110], dimer weights are still altered. In this case the
single spin selected will preferentially maintain a positive projection on the field
direction. This is equivalent to excluding dimer occupation from this site, or
Z1 < Z2 = Z3. On the Kasteleyn phase diagram, tilting toward [110] crosses
the point at which two dimer solids meet. The dimer phase formed is partially
ordered with uncorrelated chains of either of the two possible dimer orientations.
In spin language, this corresponds to theQ = X partial order previously studied
in both Ho2Ti2O7 and Dy2Ti2O7 [27]. The tilted field creates an in-out pair
from two spins which form a chain, the ice rules form in-out chains from the
remaining spins.
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The tuning of dimer weights goes approximately as φB/T (φ is the tilt angle)
so from a position close to the center of the critical phase, one can move toward
the phase boundaries by increasing field or tilt, or lowering temperature. Our
study is at fixed tilt of about 1◦ toward [110] and we vary the field (which is
applied approximately parallel to [1.05 1.03 1]). In Fig. 4 we compare the
scattering at 0.2, 0.5, 1.0 and 1.6 T and see that the split peaks sharpen and
move inward, a clear signature of the Kasteleyn tuning of the critical phase. This
is also manifested in the Bragg intensity (Fig. 1c), which decreases slightly across
the plateau as a function of B. This is due to the preferential location of the “in”
spin at a particular site. Monte Carlo simulations of the nearest neighbour spin
ice model with varying tilt toward [110], confirm that the peaks drift inward
toward the (1¯, 1¯, 2) when the tilt is in this sense (Fig. 4b). In the nearest
neighbour model the chains are not coupled, hence only one dimensional order
is achieved a rod of scattering appears, but it is known in the real systems that
highly anisotropic partial order appears, with non-resolution limited features
appearing at Q = X positions such as (1¯, 1¯, 2) [27]. Although we have observed
a key signature of Kasteleyn’s predictions, we have not explicitly observed the
transition. However, the coincident long range or partial order according to tilt
direction, and their manifestation at different wavevectors promises a very clear
method by which this can be achieved.
An applied field of 1.6 T corresponds to the transition region between the
two magnetization plateaus where the “two-in-two-out” rule is broken and one
expects a giant entropy spike [7,8]. In Dy2Ti2O7 [6], though not in the near
neighbour model, this transition takes the form of a line of first order phase
transitions terminating in a critical end point on the field (B) versus temperature
(T ) phase diagram (Fig. 1b). The experimental entropy peaks along this line
and reaches a maximum at the end point. We find, for Ho2Ti2O7, an anomalous
growth in neutron scattering at the point (1¯, 1¯, 2) that peaks near to the expected
first order line where it completely swamps the remnants of the kagome ice
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scattering (see Figs. 3 and 5). This scattering is relatively sharp in reciprocal
space although never a Bragg peak: it closely resembles critical scattering. It
possibly indicates the chain state discussed above, but does not seem to depend
on tilt, associating it more probably with the transition to the “one-in-three-out”
state that terminates the plateau. Indeed, it behaves much like the expected
entropy, having a strong peak at a single B, T point (Fig. 5). These features
strongly suggest a critical point at B ≈ 1.6 T, T = 0.35 K, Q = (1¯, 1¯, 2). Above
Tc = 0.35 K the intensity at 1¯, 1¯, 2 is continuously growing as the field is scanned
across the plateau, but below Tc the intensity in the plateau is independent of
field until close to 1.6 T, when there is a sharp onset of the transition.
This critical point is unusual. At a normal critical point, one would expect
critical scattering to precede the development of long range order with a Bragg
peak at the same, ordering wavevector. In the expected symmetry sustaining
transition, critical scattering near to the Q = 0 positions should accompany
changes in Bragg peak intensity at these positions. However, we see strong
critical scattering only at the antiferromagnetic wavevector (1¯, 1¯, 2) and in no
part of the (B, T ) phase diagram do we see a Bragg peak develop at this position.
Why an antiferromagnetic ordering wavevector should go critical, remains, for
the time being, a mystery, but the correlation of the (1¯, 1¯, 2) peak with the
expected entropy suggests an association of these two properties. Entropy peaks
are a general feature of Ising model systems and result from extra degeneracies
that are introduced when the field just balances local interactions [9,8,23]. The
extra degeneracy corresponds to extra spin configurations added to the manifold
of thermally accessible states: here it appears that these configurations are
locally antiferromagnetic.
To summarize our results, we have observed the long sought pinch points,
characteristic of an ice rules governed magnet. These lie at the zone centers
of a Q = 0 cell in the kagome plane. It is a fascinating challenge for theorists
to resolve their apparent absence in three dimensional spin ice, with their pres-
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ence in two dimensional kagome ice. We have observed the first experimental
signature of Kasteleyn’s tunable dimer critical phase, uncovered a new type of
dimer ordering that can be realized by this mechanism, and demonstrated an
open route to the realization of the full Kasteleyn transition. Finally we have
observed an unusual critical point, at which the critical wavevector does not
reflect the developing long range order.
In conclusion, the concept of spin ice is relevant to a wide variety of highly
correlated systems, including frustrated magnets [16,28,29,30], disordered mag-
nets [31], anomalous metals [32], nanomagnetic arrays [33] and ice itself (which
has been described as a highly correlated proton system) [34]. With a field ap-
plied along [111], spin ice exhibits some generic phenomena. For example, first
order lines with critical end points play an important role in metal-insulator
transitions [35] and ferroelectric response [36], while partially ordered phases on
the kagome lattice are also predicted for systems of bosons [37]. Our neutron
scattering investigation of holmium titanate’s kagome ice plateau has thus re-
vealed a detailed microscopic picture of the statistical physics of a model system
that has broad relevance to many aspects of the physics of complex disorder.
Methods: A flux-grown single crystal of Ho2Ti2O7 of dimensions 3×10×15
mm was aligned with the [111] axis vertical. In this orientation the scattering
plane has threefold symmetry and is spanned by the orthogonal sets of vectors
(h¯, h¯, 2h) and (h¯, h, 0). The crystal was mounted on a dilution refrigerator insert
in a 7 T vertical field cryomagnet. The PRISMA spectrometer at the ISIS
facility was used in diffraction mode to map the scattering plane or to make
rocking scans about the high symmetry directions (as in [20]). Optimization
of the scattering plane while monitoring the intensity of (2¯, 2¯, 4 and (2, 2¯, 0)
shows that these axes are tilted 2◦ above and 1◦ below the scattering plane
respectively. This corresponds to an applied field approximately parallel to
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[1.05 1.03 1], a small tilt toward the [110]. The near neighbour spin ice
model was simulated using a standard Metropolis algorithm. The system size
was 10 × 10 × 10 pyrochlore unit cells. The system was cooled stepwise to
low temperature to ensure equilibration in the spin ice manifold, 40000 Monte
Carlo steps per spin were used at each temperature for equilibration, followed by
200000 Monte Carlo steps per spin for accumulating thermodynamic quantities,
which were sampled every 10000 steps. A series of five such simulations with
different seed configurations were averaged. The tilted fields were introduced
as B = B(cosφ[111]/
√
3 + sinφ[1¯1¯2]/
√
6), either at fixed φ throughout, or by
stepping φ at fixed B.
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Figure 1: Spin ice and kagome ice. With the trigonal axis ([111]) vertical, the py-
rochlore lattice can be viewed as stacked kagome planes, separated by interstitial spins
forming a triangular lattice (a). In zero field all tetrahedra have a sixfold degenerate
groundstate with two spins pointing in and two pointing out (i.e. ice rules), in mod-
erate field this degeneracy is reduced by the pinning of one spin leaving a modified ice
rule operating on the three spins in the kagome plane (a and b, lower tetrahedron),
in high fields this ice rule is broken and a fully ordered structure with one spin point-
ing in and three spins pointing out (b, upper tetrahedron) is formed. The transition
from kagome ice to long range order shows a liquid-gas critical point in Dy2Ti2O7 [5]
and in Ho2Ti2O7 a critical point of unknown type (see main text and Fig. 5). The
three phases are distinguished in the magnetic Bragg scattering (c) which shows two
plateaux, the first for kagome ice and the second for the fully ordered state. The
line is a calculation of the intensity by enumeration of states on a single tetrahedron
with field close to [111], as described in the text. The tilted field is responsible for
the downward trending intensity with field within the kagome ice plateau. Lack of
agreement at high fields is attributed to severe extinction at this very intense mag-
netic Bragg peak. The kagome ice phase can be mapped to the dimer model on a
hexagonal lattice by colouring links of the hexagonal lattice located on sites of the
kagome lattice with field-opposing spins (a, hexagonal dual lattice in green, dimers in
cyan) [23]. The dimer model has a triangular phase diagram with respect to statistical
weights of different dimer orientations, the central region corresponds to kagome ice
and the lines correspond to Kasteleyn transitions to long range ordered states (LRO)
which occur when one dimer orientation outweighs the other two (d).
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Figure 2: Measured and simulated diffuse scattering in Ho2Ti2O7. In zero
field the experimental diffuse scattering (a, 0.0 T, 0.5 K) is only approximately
matched by the nearest neighbour spin ice model (b), it is anticipated that a
dipolar spin ice simulation would be a significant improvement [11,21,26]. In
the kagome ice phase (c, 1.0 T, 0.5 K) very clear pinch points are observed at
( 2¯
3
, 2¯
3
, 4
3
) and ( 4¯
3
, 4¯
3
, 8
3
). Remarkably the agreement with the nearest neighbour
model (d) is much improved. The splitting of the central peak is less than that
predicted by the simulation and this is ascribed to the tilt. At the termination
of the plateau the scattering is localized in a single sharp feature at (1¯, 1¯, 2) (e,
1.6 T, 0.5 K) which has the features of an unusual critical point. This behaviour
is not captured by the nearest neighbour model (d).
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Figure 3: Pinch point scattering. Cuts through the pinch point (the cut po-
sitions are illustrated in matching colours in Fig. 2e, all errorbars are smaller
than the symbol size) position in zero field (a,b) show spin ice scattering and
no sharp feature in the transverse cuts parallel to (h¯, h, 0) (a). In 1 T the sharp
pinch point has been formed (c,d) and also exists in 1.6 T (e,f). The pinch point
can be seen as the sharp feature in the cut at (h¯, h, 4
3
), comparatively broadened
at (h¯, h, 9
6
) and diffuse in the cut along (h¯, h¯, 2h) where the pinch point position
is ( 2¯
3
, 2¯
3
, 4
3
). In the longitudinal cuts (b,d,f) we also see the developing critical
scattering at (1¯, 1¯, 2).
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Figure 4: Kasteleyn physics. Cuts through the main scattering feature at
(1¯, 1¯, 2) as a function of field show that the broad feature of zero field is re-
placed by two peaks which drift together as the field is raised across the kagome
ice plateau. The experimental data show this process, with the apparent super-
imposition of the sharp critical like scattering at 1.6 T (a), whereas Monte Carlo
simulations of the same field scan with a small tilt, show only the drifting peaks
as the critical scattering is not reproduced by the nearest neighbour model (b).
The fitted peak positions in the experimental data are marked below by the
arrows.
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Figure 5: Critical point at plateau termination. The intensity of the critical
scattering at 1¯, 1¯, 2 is strongly dependent on temperature, having a strong max-
imum at T = 0.35 K and B = 1.7 T, giving the appearance of a critical point.
We show the phase boundary in a (note the intensity scale is logarithmic) and
the detailed behaviour of the intensity in b. It is notable that below Tc the
intensity is field independent in the plateau until close to Bc whereas above Tc
the intensity increases throughout the plateau toward its maximum at Bc.
xvii
